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Abstract. Dynamical models for dark energy are an alternative to the cosmological constant. It is important to
investigate properties of perturbations in these models and go beyond the smooth FRLW cosmology. This allows
us to distinguish different dark energy models with the same expansion history. For this, one often needs the
potential for a particular expansion history. We study how such potentials can be reconstructed obtaining closed
formulae for potential or reducing the problem to quadrature. We consider three classes of models here: tachyons,
quintessence, and, interacting dark energy. We present results for constant w and the CPL parameterization. The
method given here can be generalized to any arbitrary form of w(z).
Keywords. Cosmology: Dark Energy, Theory
1. Introduction
Observations [1, 2] have indicated that the Universe is
expanding at an increasing rate. This has led to Dark
Energy [3, 4, 5, 6], the component with unusual prop-
erties that causes the accelerated expansion of the Uni-
verse. Besides the simple and successful Cosmological
Constant model (Λ), there are a number of competing
theories [6, 7, 8] that are consistent with observations.
In these theories, dark energy is dynamical in that its
properties are a function of space and time. In order to
study the theoretical and observational implications for
these theories, we have to solve the equations describ-
ing the dark energy. Analysis of some observations
only requires the variation of scale factor with time,
however other observations can have a dependence on
spatial variations in dark energy and thus details of the
model become relevant.
A number of models have been proposed for
dark energy, e.g., tachyon dark energy [9, 10] and
quintessence [11, 12]. In both of these a scalar field
and its gradients give rise to dark energy densities, but
the forms of the Lagrangian densities for these are very
different.
It is well known that if two models have the same
evolution of the scale factor, tests relying only on dis-
tance measurements cannot distinguish between such
models. Therefore it is important to study growth of
perturbations in matter for different models of dark
energy with the same evolution of the scale factor.
This opens up comparison based on CMB anisotropies
[13, 14, 15], weak lensing [16, 17, 18], and growth of
perturbations [19]. In this context, it is useful to have a
formalism for constructing potentials for different mod-
els of dark energy that lead to the same expansion
history. In this article we compute the corresponding
potentials in quintessence and tachyon models which
can give same background evolution. We reconstruct
potential V(φ) assuming a particular equation of state
w(z). We give analytical expressions wherever possi-
ble, in other cases we reduce the problem to quadrature
for numerical reconstruction of V(φ).
There has been a lot of interest in recovering dark
energy potential from the observed expansion history
[20, 21, 22]. For example Huterer and Turner [23], pro-
vide an early work on constructing potential from sim-
ulated data and inspired further research. Li et.al [24]
construct potential by approximating luminosity dis-
tances and also do a comparison for reconstruction us-
ing parameterization of equation of state w(z). A num-
ber of other attempts for reconstruction using a para-
metric or a non-parametric approach have been made.
For example, see [25, 26, 27] for a review. We approach
this problem by attempting to construct potential for a
given redshift dependence of the equation of state pa-
rameter w(z) for the dark energy component. We do
this for both quintessence and tachyon models: while
a number of solutions exist for quintessence models
[28, 29], few solutions are available for tachyon mod-
els. In [28], a mapping between CPL parameters and
potentials is explored while an analytic approximation
for various scalar field models is obtained in [29].
c© Indian Academy of Sciences 1
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In §2., we set up equations for tachyon and
quintessence models. In §2.2 and §2.3, we do recon-
struction of potential for w(z) = constant. In §3., we
outline the numerical recipe for reconstruction for any
general w(z) and illustrate it with results for some sim-
ple cases.
2. Basic Equations
We are interested in late time evolution of the Uni-
verse. Given observations that indicate that the spa-
tial curvature is consistent with zero, and that radiation
does not contribute to the expansion history at z ≤ 100,
we choose to work with only matter and dark energy.
The method we outline can be generalised without any
modifications to include other cases. For illustration
of the method, we work with the CPL parameteriza-
tion [30, 31]. The functional form for w(z) is defined in
terms of two constants, which we call p and q:
w = p + q(a − ai) (1)
p is the value of w at some t = ti while q gives rate of
change of w with scale factor. Symbols w0 (for p) and
w1 (for q) are often used while using this parameteriza-
tion, if ti is taken to be the present time t0. Continuity
equation for dark energy density ρde is:
dρde
dt
= −3(1 + p + q(a − ai))
a˙
a
ρde (2)
Using this equation, we get:
ρde = ρ
i
de
(
ai
a
)3(1+p−qai)
exp[−3q(a − ai)] (3)
where ρi
de
is density at some initial time. From now on
we use a scaled dimensionless variable for time: t =
tHi. Friedmann equation then takes the form:
a˙2
a2
=
α
a3
+
β
a3(1+p−qai)e3qa
(4)
where α and β are constants defined as:
α = Ωm i β = (1 −Ωm i)a3(1+p−qai)i e3qai (5)
These are related to the density parameter for matter
and dark energy at the initial time.
2.1 Tachyon field
Tachyon models for dark energy have an action of the
following form:
I =
∫
dx4
√−g
[
−V(φ)
√
1 − ∂µ∂µφ
]
(6)
In these models the energy density and pressure can
be written as:
ρφ =
V(φ)√
1 − ∂µ∂µφ
Pφ = −V(φ)
√
1 − ∂µ∂µφ
For these models the equation of state parameter is re-
lated to the time derivative of the field as w = −1 + φ˙2
for a homogeneous field. Thus we have:
dφ
dt
=
√
1 + p + q(a − ai) (7)
Combining eq.(4) and eq.(7)
φ(a) =
∫ √
a(1 + p + q(a − ai))√
α +
β
a3p−qaie3qa
da (8)
Using the relation between the energy density and the
potential, we can write:
V(φ) =
√−wρde (9)
Since we know ρde as a function of a from eq.(3),
we can compute V(a). The combination of Eqn.8 and
Eqn.9 gives a parametric solution for the potential as a
function of the field φ, with the scale factor a playing
the role of the intermediate parameter.
2.2 Tachyon field: Constant w
We start by considering the special case of w = con-
stant, i.e., q = 0. The integral in equation (8) takes
following form for constant w:
φ(a) =
∫ √
a(1 + w)√
α +
β
a3w
da (10)
Defining:
x2 = α +
β
a3w
(11)
reduces the integral to form:
φ(x) =
∫
σ
(x2 − α)k dx (12)
where σ and k are:
σ = −2
√
1 + w
3wβ
βk, k =
w + 1
2
w
(13)
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Integral in eq.(12) is trivial for w = − 1
2
where we get:
φ(a) = σ
√
α + βa3/2 (14)
Potential V(a) for constant w case is:
V(a)
H2
i
=
3
√−wβ
8piGa3(1+w)
(15)
When w = − 1
2
, we get:
V(φ)
H2
i
=
3β
8piG
√
2
[
φ2
βσ2
− α
β
] (16)
For other values of w, integral in equation (10) does
not have a closed form solution. The result can be ex-
pressed in the form of hypergeometric functions:
φ(a) =
2a
3
a (1 + w)
(
βa−3w + α
)
α
(
βa−3w + α
)

1/2
× 2F1
[
1
2
,− 1
2w
; 1 − 1
2w
;−a
−3wβ
α
] (17)
From eq.(15), we have V(a), we need to invert eq.(17)
to get a(φ) and substitute it in equation (15) to get
V(φ). Please note that for background calculations
one does not really need V(φ), V(a) contains the rel-
evant information. However for a study of spatial per-
turbations we require V(φ) as φ can take on different
values at different points at a given time. A number
of numerical libraries provide routines for calculation
of 2F1(a, b, c, g). GNU Scientific library has function
gsl sf hyperg 2F1, which computes 2F1(a, b, c, g)
for |g| < 1. In case of eq.(17), g < 0 and for ex-
tending to g < −1, there are standard transformations
available in literature(see [32] for a detailed account
of computation of hypergeometric functions, we use
transformations mentioned in section 4.6 of [32]). For
g = − a−3wβ
α
< −1, we use following formulae for com-
puting 2F1(a, b, c, g):
2F1(a, b, c, g) =
1
(1 − g)a
Γ(c)Γ(b − a)
Γ(b)Γ(c − a)
2F1(a, c − b, a − b + 1,
1
(1 − g) )
+
1
(1 − g)b
Γ(c)Γ(a − b)
Γ(a)Γ(c − b)
2F1(b, c − a, b − a + 1,
1
(1 − g) )
(18)
Equation (10) can be written in the form of a differ-
ential equation which makes its relationship with other
functions clear. Let
g = −a
−3wβ
α
(19)
Then eq.(10) can be differentiated to obtain:
g(1 − g)d
2φ
dg2
+
[(
1
2w
+ 1
)
−
(
3
2
+
1
2w
)
g
]
dφ
dg
= 0 (20)
It can be integrated twice to obtain φ(g) in terms of in-
complete beta functions B(g; a, b), which are related to
2F1(a, b, c, g):
φ(g) = C1B(g; 1 − u, 1 + u + v) +C2 (21)
where C1, C2 are constants of integration and
u =
(
1
2w
+ 1
)
v = −
(
3
2
+
1
2w
) (22)
B(g; a, b) is related to 2F1(a, b, c, g) [33] as follows:
B(g; a, b) =
ga
a
2F1(a, 1 − b, a + 1, g) (23)
We can invert either eq.(17) or eq.(23) to obtain a(φ)
and then us eq.(15) to obtain V(φ). We have used the
Newton-Raphson method for inversion from φ(a) to
a(φ) and then on to V(φ). This is useful in dynami-
cally calculating V(φ) and the derivative Vφ(φ) when φ
has spatial variations in presence of perturbations.
2.2.1 Form of the potential for constant w Here we
plot(figure 1) the potential V(φ) for different values of
w. We can see from the plot that the dependence of
V(φ) is close to a power law. To get insight into this
behaviour we plot derivatives of log of potential with
respect to log of field in figure 2. We see that in central
part there is approximate flat curve indicating that in
this region the potential can be approximated by power
laws.
We can approximate potential in this flat region
with form:
V(φ) = cφb (24)
For this form we have done fitting for different values
of constantw and then we find the relationship between
constant w and b which is linear as shown in 3 .
These fittings are crude given that evolution of w
and other quantities is very sensitive to form of poten-
tial.
2.3 Quintessence
The action for quintessence field is:
I =
∫
dx4
√−g
[
1
2
gµν∂µφ∂νφ − V(φ)
]
(25)
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constant w~-0.5
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constant w~-0.9
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Figure 1. We plot tachyon potentials simulated, for constant
w, using methods described in previous section. Different
panels are for different constant w values.
0 1 2 3 4
log( ϕϕini)
−2.0
−1.5
−1.0
−0.5
0.0
n
=
(d(
lo
g
V)
d(
lo
g
ϕ)
)
-1.009
-0.201
-0.050
constant w~-0.5
constant w~-0.9
constant w~-0.975
Figure 2. We plot the slope of the potential as a function
of the field. From this log-log plot we can see that there
is a almost flat plateau with deviations at two ends. Thus
the potential is close to a power law. The value of constant
central part changes with value of constant w.
−0.9 −0.8 −0.7 −0.6 −0.5
constant w
0.2
0.4
0.6
0.8
1.0
-b
simulated
linear fit  m~2.0193 c~2.01861
Figure 3. For different w = constant values, we obtain the
approximate b for central linear part(as marked in figure2).
As shown here, b values follow a linear relation with w. the
fitted line has slope m = 2.3163 and intercept c = 2.30258.
with effective pressure and density:
ρψ =
φ˙2
2
+ V(φ) (26)
Pφ =
φ˙2
2
− V(φ) (27)
wφ =
Pφ
ρφ
=
φ˙2 − 2V
φ˙2 + 2V
(28)
For Quintessence models of dark energy, w is re-
lated to time derivative of the field and the potential,
and we have:
dφ
dt
=
√
(1 + w)ρφ =
√
(1 + p + q(a − ai))ρφ (29)
where
V(φ) =
1
2
(1 − w)ρφ =
1
2
(1 − p − q(a − ai))ρφ (30)
From equations (3) and (29), we obtain:
dφ
dt
=
√
(1 + p + q(a − ai))
3
8piG
β
a3(1+p−qai)
e−3q(a−ai)
(31)
Equation (31) can be combined with eq.(4) to obtain
dφ
da
.
For potential we have from (30) and (3):
V
H2
i
=
3
2
(1 − w)
8piG
β
a3(1+p−qai)
e−3q(a−ai) (32)
This system of equations specifies the solution.
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2.4 Quintessence field: Constant w
For w(a) = constant, we obtain a closed formula for
V(φ)(see [34] and references within for previous work
on this). In this case, eq.(31) reduces to:
dφ
dt
=
√
(1 + w)
3
8piG
β
a3(1+w)
(33)
and
dφ
da
=
√
3(1 + w)
8piG
√√ 1αa3w
β
+ 1

(
1
a
)
(34)
Defining:
λ =
√
3(1 + w)
8piG
(35)
and
x2 =
αa3w
β
+ 1 (36)
We have,
φ(x) = C1 +
2λ
3w
∫
dx
x2 − 1 (37)
here C1 is a constant of integration. The solution is :
φ(x) = − λ
3w
[log(1 + x) − log(x − 1)] (38)
Inverting this we get:
x =
e−3wφ/λ + 1
e−3wφ/λ − 1 (39)
Defining:
m = −3wφ
2λ
(40)
We rewrite eq.(39):
x = cothm (41)
And we get
a3w =
β
α
[
(cothm)2 − 1
]
(42)
Substituting this in eq.(32),
V(φ)
H2
i
=
3(1 − w)β
16piG
[
β
α
((cothm)2 − 1)
]− (1+w)
w
(43)
Equivalently,
V(φ)
H2
i
=
3(1 − w)β
16piG
α
β
sinh2
− 3wφ
√
8piG
2
√
3(1 + w)


(1+w)
w
(44)
Derivations for constants w case for quintessence and
phantom models were done in [34] and they obtain the
same form for quintessence models as in eq.(44).
3. General case
For an arbitrary function w(a), continuity equation for
that component is:
dρφ
ρ
= −3(1 + w)
a
da (45)
giving
ρφ = ρφi exp
[
−3
∫
1 + w
a
da
]
(46)
Equivalently
Ωφ :=
8piGρφ
3H2
i
= Ωφie
−3
∫
1+w
a
da (47)
Subscript i represent values at some initial time.
Using this evolution equation for energy density
we can write differential equations for tachyon and
quintessence fields:
dφtach
da
=
√
1 + w√
α
a
+ a2Ωφtach
(48)
dφq
da
=
√
3(1 + w)Ωφq
√
8piG
√
α
a
+ a2Ωφq
(49)
where Ωφq and Ωφtach are quintessence and tachyon
field density parameters scaled as shown in eq.(47) re-
spectively. The potentials for two fields are:
V(a)
H2
i
=
3(1 − w)Ωφq
16piG
(50)
V(a)
H2
i
=
3
√−wΩφtach
8piG
(51)
One can numerically integrate equations (47) and
(48)/(49) to get φ(a) and alongside use (50)/(51) to ob-
tain V(a). Hence one can obtain a numerical table of
V(φ) vs φ in desired range. This table can be used for
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numerical fitting or interpolation functions. For exam-
ple, cubic splines(see [35]) can be used for fitting to
obtain spline coefficients which can be used for calcu-
lating V(φ) and its gradients given a value of φ. Once
we have spline coefficients and φ, task is to find the in-
terval in which the value of φ lies so that we can use
coefficients corresponding to that interval. Evaluation
of the function can be time consuming, but the fact, that
for background values φ there is a correspondence be-
tween φ and a, comes to our rescue. Typically perturba-
tions have a small amplitude and hence deviation from
background in a particular simulation domain is small,
and this can be used to guess spline interval in that re-
gion. For example, one might be simulating a spherical
collapse in real space and perturbations may be really
strong towards centre but they merge into background
as one moves away from centre. In this case for large
radii, interval can be guessed from background and then
one can move toward smaller radii. In this way for
each new inner point one has to only search in the ad-
jacent intervals for interpolation if the field is continu-
ous. As an example we show here CPL potentials for
quintessence and tachyon field in 4. The form obtained
is similar to that obtained in [28].
4. Coupled Quintessence mimicking ΛCDM
Minimally coupled quintessence models[36, 37] can
exactly mimic ΛCDM only with a completely flat po-
tential, that is no field dynamics is involved and equa-
tions just reduce to that in case of Λ. However if en-
ergy exchange is allowed between quintessence field
and dark matter, aΛ like evolution is possible evenwith
field dynamics and a time varying w. In this section we
consider a quintessence model with following type of
coupling[38]:
φT
µ
ν ,µ = Q
√
8piGφ,ν ρcdm (52)
cT
µ
ν ,µ = −Q
√
8piGφ,ν ρcdm (53)
Please note a bit different notation in this section as
described below. Q is the coupling constant between
matter and Quintessence. Subscript lcdm denotes quan-
tity corresponding to ΛCDM and cdm subscript is for
corresponding quantities for cold dark matter in model
with field, e.g. ρcdm is density for cold dark matter in
model with an interacting dark energy field while ρlcdm
is cold dark matter density as evolved within ΛCDM.
Also Ωic is density parameter for dark matter at initial
time and Ωi
Λ
is Λ counterpart. Basic equations for this
type of coupled model mimickingΛCDM were derived
in [38]. They write the potential V(φ) in terms of other
1.00 1.01 1.02 1.03 1.04 1.05 1.06 1.07
(ϕϕi)
2.50
2.75
3.00
3.25
3.50
3.75
4.00
4.25
V
1e−10
Quintessence CPL
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
(ϕϕi)105
+1e5
2.50
2.75
3.00
3.25
3.50
3.75
4.00
4.25
V
1e−10
Tachyon CPL
Figure 4. V(φ) simulated for CPL parameterization for
quintessence and tachyon models. The shape of curve is
same for quintessence and tachyon field but the rate of
evolution of field very different. Field traverses longer
distances in field space for quintessence case. This might
have interesting implications in context of Swampland
criteria of String theory.
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variables, and do not specify exact formula for V(φ).
Here we start from the equations derived in [38] and
then reconstruct the formula for potential that gives the
required Λ like behaviour. For a field model giving
same a(t) as that of ΛCDM, we have:(
a˙
a
)
=
(
a˙
a
)
ΛCDM
(54)
Ignoring baryons and radiation we have:
ρcdm + ρφ = ρlcdm + ρΛ (55)
and
pφ = pΛ = −ρΛ (56)
Combining the two, we have:
φ˙2 = ρlcdm − ρcdm (57)
Continuity equation for matter is:
˙ρcdm + 3Hρcdm = −Q
√
8piGφ˙ρcdm (58)
giving:
ρcdm = ρ
i
cdm
a3
i
a3
e−Q
√
8piGφ (59)
Using (57) and (59) along with standard Friedmann
equation for ΛCDM, we get:
dφ
da
=
√(
3
8piG
) (
1
a
) √
1 − e−Q
√
8piGφ√
1 +
Ωi
Λ
a3
Ωica
3
i
(60)
Arranging and integrating equation we obtain:
ω log
[ √
eQ
√
8piGφ − 1 + eQ
√
8piGφ/2
]
=
log

√
1 +
Ωi
Λ
a3
Ωica
3
i
− 1√
1 +
Ωi
Λ
a3
Ωica
3
i
+ 1

(61)
where ω = ± 2
√
3
Q
(- for negative Q)
Writing a(φ) as a function of φ:
a3(φ) =
4C1Ω
i
ca
3
i
Ωi
Λ
[
f (φ)ω
(1 −C1 f (φ)ω)2
]
(62)
with C1 taking care of any constant of integration and
f (φ) =
√
eQ
√
8piGφ − 1 + eQ
√
8piGφ/2 (63)
0.0 0.5 1.0 1.5 2.0
ϕ
0.0000
0.0002
0.0004
0.0006
0.0008
0.0010
0.0012
V
Figure 5. V(φ) for coupled quintessence mimicking ΛCDM
in background kinematics.
Potential V can be obtained from equations (56),
(57) and (59):
V(φ)
H2
i
=
3Ωic
8piG
 a3i
2(a3(φ))
(1 − e−Q
√
8piGφ) +
Ωi
Λ
Ωic
 (64)
Where a3(φ) has a functional form as mentioned in
(62). Form of potential is illustrated in 5.
V,φ =
3Ωic
8piGQ
√
8piGe−Q
√
8piGφa3
i
2a3
− a
3
i
2a6
d(a3)
d f
d f
dφ
(1 − e−Q
√
8piGφ)

(65)
Studies of perturbations in the coupled
quintessence models can play an important role
in distinguishing these from ΛCDM models. Our
analysis of such models will be reported elsewhere.
5. Summary
In this work we have described basic equations for re-
constructing potentials for quintessence and tachyon
field. We have given results for w = constant case.
We show that analytical closed formulas are possi-
ble for quintessence potentials in these cases while
for tachyon fields such formulae are obtained only for
w = −0.5 case. For other values of constant w, we
provide formulae for numerical reconstruction. We
also find a rough approximation to these constant w
potentials for tachyon dark energy. We describe nu-
merical methods for numerical construction of tachyon
and quintessence potentials for arbitrary w(a). From
numerical calculation of potentials for CPL cases for
quintessence and tachyon we show that the shape pf
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potential is same for both of these, but the field rolls
much more in quintessence case than in tachyon case.
This could motivate further investigations in context of
String Swampland [39, 40, 41]. We have also studied
coupled quintessence models.
The results of this study can be used for analysis
of perturbations in such models. In particular we can
compare growth of perturbations in models of different
types that have the same expansion history. We will
report results on spherical collapse in perturbed dark
energy models in a forthcoming publication.
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